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Abstract. We show that divergence-free L 1 vector fields on a homo- 
geneous group of homogeneous dimension Q are in the dual space of 
functions whose gradient is in L Q . This was previously obtained on R n 
by Bourgain and Brezis. 
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On R n , the Sobolev embedding theorem states that W 1,q (R n ) C L" 3 ? (R n ) 
when q < n. When q = n, the embedding of W 1,n (R n ) in L°°(R n ) that is 
suggested by homogeneity arguments of the critical Sobolev space is known 
to fail. However, maps in the critical Sobolev space have many properties in 
common with bounded or continuous maps. An example of such a property 
was obtained by Bourgain and Brezis, who showed that divergence-free vec- 
tor fields see W 1,n functions as if they were bounded functions [TJ [2]; that 
is, if F: R n — ► R n is a divergence-free vector field, one has 

(1-1) / <P-F <C\\F\\ Ll(Rn) \\Vip\\ Ln(nn) . 

JR.™ 

A striking consequence of this fact is that if U is the solution 

-AU = F , 
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given by convolution with the Newton kernel, then VU G L n '( n-1 )(R n ) ! 
whereas without the condition on the divergence, the best result that can 
be obtained is that VU belongs to weak L n ^ n ~ 1 \ the Marcinkiewicz space 
Ij?i/(n-i),oo^-Rn^. The proof of Bourgain and Brezis relies on a Littlewood- 
Paley decomposition, and yields in fact a necessary and sufficient condition 
on the divergence of an L 1 vector field for this vector field to induce a linear 
functional on the homogeneous Sobolev space W 1,n (R n ). The estimates on 
R" can be transported on smooth domains [3] or on manifolds. 

The present paper starts from the question whether similar estimates hold 
without the local structure of the commutative group R n , and gives an 
answer on homogeneous groups. A homogeneous group G is a connected 
and simply connected Lie group such that the Lie algebra of left-invariant 
vector fields is a graded, nilpotent and stratified Lie algebra, that is 

(1) Q = V 1 ®V 2 ® ■■■ ®v p , 

(2) [V h Vj] C V i+j for i + j < p and [V h Vj] = {0} if % + j > p, 

(3) V\ generates q by Lie brackets. 

While the dimension of G as a manifold is n = Y^=i m ji where nij = 
dimVj, the homogeneous dimension Q = X^j=ii m j plays an essential role. 
In particular when q < Q, it was shown that [HE! [9] 

S 1,q (G) = {ue L q (G) : Y iU G L q (G) for 1 < i < m} C L^(G) , 

where {Y;}™^ is a basis of V\ and the measure used to define L q (G) is the 
left- and right-invariant Haar measure /U on G. 

In this paper, we show that functions in S l, ®(G) are seen like bounded 
functions by divergence-free L 1 vector fields. Before defining these, we define 
the bundle T^G by restricting the vectors to be in V\. The vector-field F is 
divergence-free if 

/ Ftp d/j, = , 
Jg 

for every compactly supported smooth function tp £ C^°(G). We finally use 
the notation VbU = (Yi.it, . . . , Y m u). Our main result is: 

Theorem 1. // (p £ C^°(G,T^G) is a section of the cotangent bundle and 
the vector field F E L 1 (G;T;,G) is divergence- free, then 

f (<p,F)dJ <C||F|| L1(G) ||V^|| LQ(G) . 

J G 

The proof uses the strategy developed by the second author to give an 
elementary proof of (| 1 . ID [12]. That proof relied on splitting the integral 
on hyperplanes, and using Holder continuity of the restriction of <p on hy- 
perplanes. One could then split ip into one part which is bounded and an- 
other whose gradient is bounded. The estimate on the latter relied on the 
divergence-free condition. One concluded then by Holder's inequality. 

In the setting of homogeneous groups, hyperplanes are replaced by cosets 
of codimension 1 normal subgroups. While on R™ the splitting of <p on hy- 
perplanes only used derivatives of <p in directions parallel to the hyperplane, 
on a homogeneous group using only the directions of V\ parallel to the nor- 
mal subgroups is not sufficient to have the right esimates for the splitting. 
In order to circumvent this problem, our spliting relies on information about 
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all the derivatives of ip in some neighbourhood of the normal subgroup. The 
splitting estimates are then obtained with Jerison's machinery for analy- 
sis on homogeneous groups [8], and depend now on some maximal function 
associated to tp. 

As a consequence of Theorem [TJ we give a regularity result for the subel- 
liptic Laplacian A& = YliLi ^1 ■ 

Theorem 2. If F G L 1 (G, T b G) is divergence-free, then the problem 

-A b U = F 

has a solution U G S 1 '^/^ -1 ) satisfying the estimate 

||V 6 C/|| lQ/( q- 1) < C||F|| L1(G) . 

On R n , Bourgain and Brezis have also proved that if F G L 1 (R n ; R n ), one 
has F G W-W(«-i)(R/>) if an d on i y if div/ G W~ 2,n / (n ~ 1 )(R' 1 ). In view of 
Theorem [H we ask the question whether their result extends to homogeneous 
groups. 

Open problem 1. Let F G L 1 (G;T; ) G) be a vector field. Does one have 
F G S- 1 ' Q /( Q - 1 )(G;T 6 G) if and only if div 6 F G S^/^ 1 ^)? 

The rest of this paper is organized as follows. In section [2j we state and 
prove Lemma [2TT] about the approximation of a function u G S l, ®(G) on a 
normal subgroup Gi of G. This lemma is the main new ingredient for the 
proof of Theorem [TJ which is the object of section [3l In a short section HI 
we show how the combination of Theorem Q] with classical regularity esti- 
mates on homogeneous groups leads to Theorem [2l In the last section [5l we 
give generalizations of Theorem Q] in several directions: L 1 -divergence vector 
fields, critical fractional Sobolev spaces, and higher order conditions. 

The research of S.C. was supported in part by a grant from the NSF; 
the research of J.V.S. was supported in part by a grant of the Fonds de la 
Recherche Scientifique-FNRS. 

2. Approximation on normal subgroups 

In order to prove Theorem [H we slice G into cosets of codimension 1 
normal subgroups that are constructed as follows. Fix 1 < i < m, let Qi be 
the linear space spanned by {Yj}j^i and by Vi, 2 < £ < p, and let Gi be 
the image of Qi by the exponential map. Since q is graded, Qi is an ideal of 
q, and Gi is a normal subgroup of G. Since G is simply-connected, one has 
G/Gi = R. The Haar measure v on Gi is normalized so that 

(j,(A) = [ v{Gir\e- tY *A)dt . 

Lemma 2.1. There exists C > such that, for every u G C7°°(G) ; A > 
and 1 < i < m, there exists u\ G C°°(G) such that 

(2.1) \\u - u A || L oc (Gi) < C7A^M(/)(0) , 

(2.2) ||V b n A || LO o (G) < CA^MgXO) , 
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where 



!(*)=(/ \V b u(e tYi h)\ Q dv(h)y 



>Gi 

and M(I) is the Hardy-Littlewood maximal function of I. 

The proof of this Lemma relies on several tools developed by Jerison for 
the analysis on Lie groups [8]. First, let R denote the composition by the 
inverse: Ru(g) = u(g~ 1 ). If Y is a vector field, then the vector field Y R is 
defined by Y u = RYRu, where Rg = g~ x . If Y is a left-invariant vector field 
on G, then Y R is a right-invariant vector field on G. The group convolution 
on G is defined by 

(u*v){g)= [ uigh-^vih) dfi(h) = [ u(h)v{h.- l g) d / u(/i) . 
Jg Jg 

From the associative law, if Y is a left-invariant vector field, one has 

Y(u * v) = u * Yv , 

and 

(2.3) (Yu)*v = -u*Y R v . 

One can define dilations on G. First define its derivative at the identity 
d T - S — ► by d T x = t 1 x on Vi, for 1 < i < p. One checks that d T is in an 
automorphism of g as a Lie algebra. Therefore, the dilation S T : G — > G can 
be defined as the group automorphism such that the differential of 5 T at the 
identity is d T . Note that fi(5 T A) = T^fi(A). For rj: G — ► R, one further 
defines 

so that, if 77 e L 1 (G), 

/ rj d/J, = / I T r] d/i . 
Jg Jg 

The dilation also allows to define balls. Take the unit ball B(e, 1) around 
the identity e to be the image of an euclidean ball on g by the exponential, 
and define B(g, A) = g5\B(e, 1). 

The adjoint representation Ad : G — ► GL(q) is defined as follows: Ad(h) 
is the derivative of the automorphism g 1— > hgh~ l . One has 

[Ad(/ i )y]n( 5 ) = ^u(<?/ l e* y / l - 1 )| t=o 

and 

Ad((5tfc)y = ^ 1 5 t Ad(/i)y . 
Since g is nilpotent, one also has 

f 



Ad(e x )Y = Y + [X,Y] + ~[X, [X, Y}] + 



' [X,[X,...[X,[X,Y]].. 



(p-iy: 

Finally, we need to transform some derivatives into derivatives with re- 
spect to right-invariant vector fields . 
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Lemma 2.2 (Jerison f8j). There exist differential operators D^ k > such that 
for every r\ G C£°(G) ; 



d_ 



k=l 



(k) 

For every Y G Q there exist differential operators D - such that for every 

P m 



'7] . 



j=l k=l 



Proof. The first statement is exactly (b) of Lemma 3.1' in Jerison's paper 
[8]. For the second statement, let Y = X^=i ^ J with Y 3 &Vj. Part (a) in 
the same Lemma 3.1' [8] states that 



Y^ = Y,Y k R Df\ 

k=l 



for some differential operators D - . Since 

I T (Y j 7]) = T j Y j I T r) and I T Y k R Df\ = TY k R I T Df\ 

our statement follows immediately. 



□ 



Proof of Lemma \2.1\ Choose rj G C^°(G) such that J G r]dfi = 1. For every 
g G Gi and t£R, define 



u x (ge tY >) = (u* I^2^r,){g) 

Let us first check (12. lh . We need to estimate \u\(g) — u(g)\ for g G Gi. One 
has clearly 



u \(g) - u{g) 

Therefore, 



d_ 

dr L 



u * I T r] 



(9)dr 



x 

L 



9 T 

u * —I tV 



(g) dr. 



07) - ufo) = XT ^ [« * (Y k R W k) )\ (g) dr 
m f A 

£ / (r fc «)*(W fc )) ( 5 )dr 



fe=l 



fe=l 



where r/ fc ) = DW77 was provided by Lemma 12.21 and (|2.3p justified the 
integration by parts. Therefore, for some C, K < oo, 



E 

fc=i 







1 



/O \J B ( 9 ,Kt) 



Y k u{h)I T ^ k \h- l g) dfi(h)dT 
\V b u(h)\dh] dr . 
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Now note that B(g,Kr) n e tYi Gi = when \t\ > kt, for some k < oo; 
therefore 

\u x (g) - u(g)\ < C f \ [ [ \V b u(e tYi h)\du(h)dtdT . 

JO T J]-K,T,K,T[JGine- tY B{g,KT) 

Since v(e~ tY B(g, Kt) n Gi) < Cs® -1 , we obtain, by Holder's inequality, 
\u x {g)-u(g)\<C f\^- 1 ^- [ (f \V b u(e tYi h)\ Q dv(h))^dtdT 

JO i/] — kt,kt[ J Gi 1 

= QC'X^M(I){0) . 
Now we prove (|2.2p . First one notes that for g S G«, i € R, 

(2.4) Wfle'*) = ^jferC" * f Va^Xs) , 
which can be estimated as above: 

\Y lUx (ge tY >)\ < C ^_^_M(/)(0) < C7Ai _1 M(J)(0) 

(A 2 + t 2 )2-2Q 

Now, assume j / i. Since Gj is normal, e *e j e~ * 6 Gj for every s G R, 
whence YjU\(ge tYi e sY: >) = (u* I ^/ x i +t i Vi){ge tYi e sY] e~ tYt ) and 

Y jUx (ge tY *) = (Ad(e tY ^Y j )(u*I v ^ w r } )(g) 
= ( u *(Ad(e tY >)Y J )I VJ ? TF ri)(g) 
= (u*(±5 t Ad(e Y >)Y J )I v ^ wV )(g). 
By Lemma 12.21 this can be rewritten as 

y M 9^) = £ £ - * 7^r Y ^^w D ^ 

(2.5) J = lfc=1 (A+ ° 2 

where r/j 1 = Dj k \ is given by Lemma l2~2l Estimating each term as previ- 
ously, one obtains 

\Y 3 u x {9^)\ < CY] ^ \ i M(/)(0) < C'A^-^^CO) . □ 

3. Proof of the estimate 

Lemma |2~T1 brings us in position to prove Theorem [TJ 

Proof of Theorem^ Decomposing (p and F as 92* = (y>, 1^) and F = YliLi FYi, 
one has 



^,F)d / u = E / tfFidp. 
J i=1 JG 



Fixing now 1 < i < m, one has, 



V i F i dfi= / FiCe^^e^/Odi/CfOdt. 

G JR iGi 
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Let us estimate the inner integral. For simplicity, first assume that t = 0. 
For every A > 0, one has 

f F i ip i dv = f Fitf -<p\)dv+ f Fnp{d», 

J G% J G % J G-i 

where ip\ is given by Lemma 1270 On the one hand, one has 

F (v* - A) & < WFiWviG^W - <Ahr>{Gi) 

<C\h\\ Fi \\v {Gi) M{I){Q). 



(3.1 



On the other hand, 
Fi<p\ du 



d J — oo 




^[^(he^iihe^dsduih) 



d J — oo 




oo J G 



YilF^he^ifUhe^)] dsdu(h) 
[FiYitpi + viYiFil {he sYi ) dv{h) ds 



Since Y^F{ = — J^j^i^jFj, this becomes 



G, 



Fi{h)^ x (h)dv{h) 



— oo J G 



[FiYiipi - ]T (p\YiFi\ (he sYi ) du(h) ds . 



Since Yj G Qi when j ^ i, and since v is right-invariant on h, integration by 
parts on G{ yields 



G. 



F i (h)ip\(h)dv(h)=J2 
i=i 



oo J Gi 



[FjYjifi] (he sYi )dv(h)ds . 



(3.2) 



We have thus the bound 

*i(J0pi(fc)<M/»)| < II^IIli(g)I|V6^||l-(g) 

Choosing now 



Gi 



(3.3) A 
one obtains by (13.1(1 and (13.21) 

Fw* du 



\F\\,i 



LUG) 



IF 



illLi(Gi) 



Gi 



,1-7! 



<cre (0) iii ! iii L i&^w(o)- 



By translation of this inequality we obtain, for every t£ R, 

F t (e tY h)^(e tY h)dv(h)\ < C||F||g (G) ||F||^7 ( | yiGi) M(J)(i) . 



G, 
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Integrating this inequality on R, one obtains by Holder's inequality 



[ iVd/i 
JG 



< 



Fi{e tYi h)</{e tYi h) dv{h) 
Gi 



dt 



— / r°° \ i— — / r°° r> \ — 

< C W F C {G) ( \\ F Me^ Gl )dt) Q ( [M(J)(t)] Q d^" 

J —oo J —oo 



< c"II-^IIli(g) II v 6^IIlq(g) > 

since by the maximal function theorem (see e.g. [ID]), there exists C" < oo 
such that 

||M(7)|| LQ(R) <C"\\I\\ LQ(Tl) . □ 

4. Elliptic regularity 

Theorem [2] follows from Theorem [T] and the theory of regularity on homo- 
geneous groups. 



Proof of Theorem® By Theorem [TJ one can write Fj = X^fcLi^fc^-fcii with 
Therefore, 



L«/(«- 1 )(G) - CII-^IIl^G) 



YjUi = YjQ * J2 y i >'io = J2 Y i Yl {g * M 
fe=i fc=i 

where Q is the fundamental solution of — A&. By the analogue of the Calderon- 
Zygmund inequality for homogeneous groups [H[9j[5], 

m 

\\YjY k (G * hij)\\ h Q/( Q -i)( G ) < Cy~]\\h k j\\ L Q/(Q-i)( G) < C"||F|| L i (G) . 

fe=i 

This concludes the proof. □ 

5. Further inequalities 

5.1. L 1 — divergence. Theorem Q] can be extended to the case where the 
divergence of F is in L 1 : 

Theorem 3. If (p € C^°(G,T*G) is a section of the cotangent bundle and 
the vector field F £ L 1 (G;T; ) G) and div^F = / G L X (G) in i/ie weaft sense, 
i.e. 



[ Fi/j dv = - f , 
Jg ./g 



/V>dz/ 



then 



/ {<P,F)dV <C{\\F\\ L i iG) \\V b ip\\ L Q {G) + \\div b F\\ L i {G) \\ip\\ L Q 
J G 



{G)j 



This version of the inequality is more stable. It can thus be localized by 
multiplication by cutoff functions. In particular, that under the assumptions 
of Theorem CD, if G is a multiply connected Lie group, one has the inequality 

(<p,F) < C||F|| l i (g) (||^|| l q (g) + \\Vb<phQ(G)) ■ 



G 
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Sketch of the proof of Theorem The proof follows the strategy of the proof 
of Theorem Q] and requires the following refinement in Lemma 12.11 



|«a||l«(G) < CXQ ^(JJCO) 



where 



J(t) = (J \u(e tY *h)\ Q dv(h)y 
One obtains in place of (|3.2I) 



Fi(h)<p\(h)dv(h) 

G t 

< CX%- X (\\F\\v {G) M{I){Q) + ||div 6 F|| Ll(G) M(J)(0)) . 
Choosing again A given by (|3.3|) . one has 



Fi(h)(p % {h) du(h) 

Gi 



< CII^H^go (ll^H5 (g) Af (J)(0) + !!j^gggl Af(J)(0) y 
One concludes then as in the proof of Theorem [Q □ 



5.2. Fractional spaces. In TheoremQ], we can also replace ||V&</?||l<3(G) by 
a fractional Sobolev-Slobodetskh norm. In order to define the latter, the 
group G is endowed by a norm function p : G — ► R + such that 

p(5 t g) = tp(g) , 

< c(p(g) + P (h)) , 

pig' 1 ) < cp(#) , 

for some constant c > (see e.g. pUJ Chapter XIII, 5.1.3]). One can choose 
for example 

p{g) = inf{A > : g G B(e, A)} . 
Definition 5.1. Let u G Lj^G) and < a < 1. We say that it G S a ' 9 (G) if 

„ f f \u{h)-uig)\i . . , , ,,. 

d ? = / / 7 1in aT du(g) du(fo) < +oo . 

The generalization of Theorem [T] to fractional spaces is 

Theorem 4. Lei a G]0, 1[ and p > 1 be such that aq = Q. There exists 
C a ,q > such that if if G C^°(G,T*G) is a section of the cotangent bundle 
and the vector field F G L 1 (G;T^G) is divergence- free, then 



(<p,F) dp 



G 



< CVvJI-F 



a.glK llL 1 (G)llV : 'lls«.9(G) 



The new ingredient needed to prove Theorem [4] is 



10 



SAGUN CHANILLO AND JEAN VAN SCHAFTINGEN 



Lemma 5.2. Let a G]0, 1[ and q > 1. If aq > Q — 1, there exists C a ^ > 
such that, for every u G C£°(G), A > 0, and 1 < i < m, there exists 
u x G C°°(G) such that 



(5.1) 
(5.2) 
where 



||V^a||l-(g) < c Q ,,A a - « "^(i^xo) . 



u{e tY *h) -u(g)\ q 
gJg P {g- l h)Q+^ 



&n(g) dv(h) 



Proof. Define u\ as in Lemma f2.ll In order to check (|5.1|) . we estimate 
u\(g) — u{g) for g G G{. One has clearly 



fA 9 r -i 

u\{g)-u{g)= I — u*I T 7] (g)dr 



o 



dr 



X 9 ' 
u * — / r r? 



One writes now 



where 



Note that 



d 1 

OT T 



~ 9 T 



T=l 



labile 



i]dfi = — / I T i]dfi =—1 = 0. 



dr 



This brings us to 

u\(g) - u{g) = 



1 



u(h) —l T f\(h l g) dfi(h) dr 

T 

1 



o Jg K B (9,r)) Jb( 9 ,t) 



u{h) - u{k)\ 



Thus, for some K > 0, 
\u\(g) - u{g)\ 



< C 

< C' 



1 



r 2Q+l 

A 

T 1 
T 2Q+1 



B(g,Kr) JB(g,r) 



B< 



—I T fj(h l g) dfi(k) dfi(h) dr . 

T 



\u(h) -u(k)\dn(k)dn(h) dr 



(g,Kr)JB(g,r) p{k~ 1 h)~ +a 



Now note that B(g,Kr) n e tYi G{ = when |i| > Kr, for some k < oo. 
Therefore 

Q 

fA _ 

|u A ( ff )-n( 5 )| <C 



A <*+- 
T 9 



r 



2Q+1 



-kt,kt[ JGine- tY iB(g,Kr) 

u{h)-u{k)\ 



B 



(9,t) p(k- 1 h)^ +a 



dfj,(k)dv(h) dtdr . 
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Since v(e tY B{g,Kr) n Gj) < Cs® 1 , we obtain, by Holder's inequality, 
/•A T «+f +(2Q-1)(1-I) j 
\u\(g) - u(g)\ < C 20 ^T - 

r / r r u,(h\ - n(h\\i \ i 

d/i(A:)d^(/i)) 9 didr 



-kt,kt[ JGi J B 

C7"A a -^M(/ a , 9 )(0) 



Q-l 1 

(The condition > Q — 1 was used to integrate r « .) The proof of 
(15.211 is similar. □ 



The method above also works if we define the Sobolev spaces of fractional 
order using the Triebel-Lizorkin definition (7JE]. 

5.3. Higher order conditions. In the Euclidean case, estimates similar 
to Theorem Q] still hold when the condition on the divergence is replaced 
by a condition on higher-order derivatives pj]. The same ideas apply to 
homogeneous groups. 

We consider sections given by maps F : G -> (gT T b G, where (gf is the 
tensor product. These sections can be identified as differential operators of 
order k, given by 

Fu(g)= Yl F tl ... lk (g)(Y tl ...Y lk u)(g) . 
U,...,ifc6{l,...,m} 

We shall call such sections fc-order differential operators. Now we consider 
(g) fc T b *G = ((g^TfcG)*, and Sym((g) fc T b *G), the vector subspace of (g) fc T b *G 
consisting of tensors which are invariant under the action of the symmetric 
group S k . 

Theorem 5. Letk > I, F G L 1 (G; T b G) and <p G C C °°(G, Sym((g) fc T*G)). 
Iffor every 4>eC™(G), 



Fip dn = , 



G 



then, 



/ (<P,F)ty <Ck\\F\\ L i {G) \\V b cp\\ L Q iG) 
J G 



A restriction appears in the statement of Theorem[5j for every g G G, <p(g) 
should be a symmetric /c-linear form. On R/ 1 this restriction is not really 
restrictive, since all vector fields commute, so that every fc-order differential 
operator is symmetric. This is not any more the case on a noncommutative 
group, hence the question arises whether the restriction to symmetric k~ 
linear forms is essential. In the particular setting of the three-dimensional 
Heisenberg group this gives: 

Open problem 2. Consider the Heisenberg group H 1 , which is a three- 
dimensional homogeneous group such that X = Y\.Y = Y<i and T = [X, Y] . 
Assume that F { G L^H 1 ), for 1 < * < 4. If 

TFi + X 2 F 2 + Y 2 F 3 + (XY + YX)F A = 0, 
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then, by Theorem EJ F { G S" 1 ' 4 / 3 ^ 1 ), for i = 2,3,4. Does one also have 

The next Lemma is the essential step in the proof of Theorem 
Lemma 5.3. Ifk>\, (F il ... ih ) 1 <i l < m G L X (G) and 

(5.3) *v--nA..i* = o, 

ii,...,i fc e{l,...,m} 
i/ien /or every u G C^°(G), 



[ Fi.^udfi <C k \\F\\ L i\\V b u\\ . 
Jg 



' G 

Proof of Theorem Since fc-linear symmetric forms ui of the form 
u(X 1 ,...,X k )=X*(X 1 )---X*(X k ), 

for Xi G and X* G g* generate the finite- dimensional space Sym((g) fc 0*), 
it is sufficient to prove a similar estimate for every f(g;Xi,...,X k ) = 
u(g)X*(Xi) ■ ■ ■ X*(X k ). Without loss of generality, we can assume that the 
kernel of X* is spanned by Y% , . . . , Y m , and that X* (Y\ ) = 1 . Writing F as 

F = XT Fi v .. ij.ii! •• • Yi k , 

il,...,i fe e{l,...,m} 

with Fi 1 .„i k G L 1 (G), one obtains 



/ (cp, F)dfi= / uF\...\ d/i 
Jg Jg 



The functions Fi v ..i h satisfy the assumptions of Lemma l5.3l which yields the 
conclusion. □ 

We now have to prove Lemma 15.31 The main ingredient is an improve- 
ment of Lemma 12.11 in which the decay of higher-order derivatives of u\ is 
controlled. 

Lemma 5.4. There exists C > such that, for every u G C£°(G), A > 0, 
and 1 < i < m, there exists u\ G C°°(G) such that for every t G R. 

(5.4) \\u - wa||l«(G0 ^ CA^M(I)(0) , 

(5.5) [|Vj« A [|L» ( G,e^) ^ = I i M ( J )(°) • 

Proof of Lemma \5~^\ Define «a as in the proof of Lemma |2~T1 One still has 
(52). 

Now let us prove (|5.5|) . Let ii, . . . ,i k G {1, . . . , m}. One has 
*ii • • • Y lk ux(ge m ) = (u * rf h ,.. ik ){g) , 
where r]\ v „i 1S defined recursively by rf = I ^ X 2 +t z r) and 

'ffii-w if*i=», 
[Ad(e^)^]<...^ +1 ifii^i. 
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We now claim that for every I > and i\, . . . , %i G {1, . . . , m}, there exists 

q > 1, 4 j) G C~(G) and (9 r £ C°°(R+), with 1 < r < q and 1 < j < m such 
that 

(5-6) <..,,= E W^B^V' ' 

0<r<<j 
l<j'<m 



where 

^ fc) (t) < 



Note that the constants Ci v ..i hr> k are independent of t and A. 

Indeed, for / = 1, (|5.6I) follows respectively from (|2.4|) together with 
Lemma f2T2l and from (|2.5p . Assume now that (|5.6|) holds for / > 1. One has 
in particular 

0<r<q 
l<j<m 

If i\ = i, one has, by Lemma [231 

0<r<q 
l<jr'<m 

= E ^*)w#+ E ^)|/^>f# 

0<r<g 0<p<<j 
l<j'<m 



0<r<g 0<r<g 
l<i< m l<fc<m 



where 



<#»> = D<» E YfW , 

l<j'<m 

from which (|5.6p follows. If ii / z, by Lemma [231 again 



0) 



0<r<q 
l<j<m 

E ^i^v^ , 

0<r<g 
l<j<m 



where 

l<s<p 

Thus ()5.6p is established, and brings us in position to conclude as in the 
proof of Lemma 12.11 that 

\X h ■ ■ ■ X ijUx (ge tY >)\ = \(u* V l.. lk )(g)\ < C(A 2 + t 2 )^M(I)(0) . □ 

We end this section by the proof of Lemma 15.31 
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Proof of Lemma UrR As in the proof of Theorem [TJ we need to estimate 

Fi...iu A dv 

were u\ is now given by Lemma 15.41 instead of Lemma 12,11 One has 



Fi...iu\ dv 



G\ J —co 



_fc-l 



u x (he sYl ) dsdu(h) 



(k-iy. 



The first term gives 



d J — co 



ak 



E 

1=0 



(fc-1)! 
o 



u x (he sYl ) dsdv'h) 



i-i 



Gi J — co 



(/-!)! 



Y{u x (he sYl )dsdv{h) . 



By Lemma IB~4l one has 

f f F 1 ... 1 (hef Yl ) 

J Gt J —co 



J-l 



(1-1)1 



Ylu x (he sYl ) ds dv(h) 



< 



o 



j-i 



C / ||^l...l|| L i( e ^iGi)" 



— M(J)(0)ds 



( A 2 +S 2)2-2Q 

<C"A^- 1 ||F 1 ... 1 || L1(G) M(/)(0) . 
For the other term, by the assumption (|5.3p . one has 
t-0 s k-l 

r rO fc-l 



" * r«A(^)^F 1 ... 1 (/ie^)d S d^(/ i ) 



d J — co 



E 

(u,-,t fc )^(l,...,i) 



E il ...y ifc F il .., fc (/ l e syi )dz.(/ l ) ds 



One has then 



o s fc-i 



Gl (fc-i)! 



(-1)* 



Ux (he sYi )Y h . . . Y ik F h ... ik (he sYl ) dv'h) ds 




(k-1) 



(he sYl )dv(h) ds 



' Gi J —co 

where Yj = + Y\ if j = 1 and Y, = Yj otherwise. One obtains then as 
previously 




Fi l ...i fe (/i6 1 )Ej fe ■ • • Yi 



Gi J —co 



i k • ■ ■ J-n 



„fc-l 



The proof ends as the proof of Theorem [TJ 



{he sYl )dv(h) ds 



< C\\F\\ L i {G) M(I)(0)\Q 1 



□ 
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